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CHAPTER [| 
GENERAL THEOREMS AND DEFINITIONS 


1. The notion of adherent series arises when a function holo- 
morphic in a strip containing a horizontal strip is represented 
by a Dirichlet series in a certain asymptotic manner. An “ad- 
herence hypothesis” is a relation between the “width” of the 
strip, the exponents of the Dirichlet series, and the “precision” 
of the representation of the function by the series. If the series 
> dne* “adheres” to the function F(s) ina strip A it is possible 
to majorize the moduli of the coefficients (|dn|) by quantities 
depending only on the series of exponents ({An ), on the maxi- 
mum of | F (s)| in a circle situated in A and of sufficiently large 
radius, and on the real part of the affix of the center of the circle. 

In other words the concept of adherence furnishes a very wide 
extension of the Cauchy evaluation of the coefficients of a Tay- 
lor series. Yet this extension is of a completely different type 
from that furnished by the expression of Dirichlet coefficients 
by the integral on vertical lines. One of the most important 
facts in the theory of adherent series is that it is not necessary 
to suppose @ priort the convergence of the Dirichlet series, and 
in fact, in most cases of interest the series is not supposed to 
converge anywhere. That is to say, a priort, no information is 
furnished about the convergence of the series, introduced by 
some functional analysis. 

We shall recall the essential theorem which furnishes the 
principle of adherence. Some definitions are needed first. 

Let {rn} (m= 1) be an increasing sequence of positive num- 
bers. For \>0, let N(A) be the number of X, smaller than 2, 


and let 
N(A) 
D(A) = ae 


D°(A) = Sup D(x), 
z2r 
Da) = - J * Dayar, 
DW= Me D(a). 


1 
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These functions are called the density function, the upper 
density function, the mean density function, and the upper mean 
density function, respectively, of the sequence hake The quan- 
tities 

. . nN 
D = lim D'(A) = lim sup — » 
A 0 no Ne 


and 


D = lim D'(A) 
A? @ 
are called the upper density and the upper mean density, respec- 
tively, of the sequence Das We will assume in this Pamphlet 
that D’<. The following inequality holds: e1D'<SD' SD’, 
[1]. Examples can be constructed where D‘ =eD’ (see [1]). The 
function 
»(D) = Sup A[D(a) — D] 
AZO 


is called the excess function of {\,}. This function is non- 
negative and non-increasing; we have v(D) = © for D<D* and 
v(D) is finite for D>D*. 
The quantities 
‘ i 
ee apoens 

are finite. The sequence {A*} is called the sequence associated 
with {rn}. 

Let A be a domain in the s=o+7¢ plane such that the inter- 
section of A with any half-plane o>, is not empty. Let {dn} 
be a sequence of complex numbers and let {A,} be an increasing 
sequence of positive numbers. Let F(s) be a holomorphic and 
uniform function in A. 

k being a positive integer, let p(x) be a non-decreasing func- 


tion tending to + © ; p,(x) may be equal to + © for x sufficiently 
large. If 


(1) Inf Sup |F(s) = )od,e>*| S e-™@) 


mek o>a4,5cA neol 
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for x sufficiently large we say that the series > sdne"* repre- 
sents F(s) in A, for m2k, with the logarithmic precision p,(x). 

If the Dirichlet series converges for ¢>00, p:(x), R>1, can be 
taken equal to + for x>oo, for any A described above. (It 
is to be noticed that we do not suppose that (1) holds for every 
x such that AM P,, where P; is the half-plane o>¥, is not void, 
but only for x sufficiently large.) The converse of this proposi- 
tion is not true; if p,(x) =-++ © for x>oo, k>1 we can only assert 
that the series )d,e—* overconverges in ALN Pes 

The domain A will generally be given by o>a», | e| <71g(c) 
(go may be equal to — ~), where g(c) is a continuous function, 
for ¢>¢0. We will set g=lim inf,.., g(¢). We consider here only 
cases where g>0. 

We shall give here conditions relating the functions g, p and 
the sequence {\,} which allow the coefficients of the Dirichlet 
series to be majorized when it represents a function in A with a 
logarithmic precision p. Such a condition is called an adherence 
hypothesis. 

Hyrotuesis A [g(c), p(c), { An} ]. There exists a continuous 
non-increasing function h(c), with limeun h(o) =h, such that 


h<g,  2lh(c)| <p) +M, (M < ~,c large), 


and 


@) {2 - 2101} exp {-> [hae 


Here v denotes the excess function of {An}, p(o) is a non- 
decreasing function g=lim inf,. g(¢), g(a) being continuous. 
The lower limits of the integrals are not indicated, since they 
should be taken sufficiently large (the fact that the value of the 
integral in (2) is finite or equal to -++-«—these are the only 
alternatives when the lower limits are large—is independent of 
the choice of these limits, again provided they are large). 

Hyportuesis A'[g(c), p(c), {An} ]: g>D° and 


[2% exp | - sf g(u) — Sopa ee 
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Hyrortuesis A’[g(c), p(c), {An} ]: g>D 


[ove |-+f Sal ees 


Lemma 1. The hypotheses A’, A’ are particular cases of the 
hypothesis A. 
Indeed for x>1: 


»[D*(x)] = Suv A[D(A) — Dr(x)] S Suv \[D'(A) — D'(x)] 
rz0 20 


Sup A[D°(A) — D:(x)] 
0<ASs2 
Max A {x"[D:(0) — D-(x)], x[D(x*) — D-(x)]}, 


D(A) being a non-increasing function tending to D’ when A 
tends to «. Therefore 


(3) »[D'(x) = o(2), (x— &). 


We have also 


x 
[D(a)] = Sup J [D() — D(a) Jat 


IIA 


— . 2° Ty = ‘ . i Sa ee d 
S Sup iE [Dj — D(@)Jat if [D-(i) — D-(x)]at 


xi/2 z 
< if [D(0) — D'(x)]dt + f [D-(x2) — D‘(x)]at 


< «1[D°(0) — D(x)] + «[D (x?) — D(x)] 


and, here too, we have 
(4) v[D-(x)] = o(x) (x &), 


The relationship (4) shows that if A’ is satisfied then A is 
satisfied with h(c)=D*[p(c)]; the relationship (3) shows that 
if A’ is satisfied then A is satisfied with h(c) =D’ [p(c) J. 

The fundamental theorem in the theory of adherent series can 
be stated in the following way: : 

THEOREM 1. Suppose that the following conditions are satisfied: 

1° {\,} is an increasing sequence of positive numbers with 


i ns NR em 


ee 


a 
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finite upper density D’; A is a domain in the s=a-+it plane given 
by o>a, | ¢| <mg(o), where g(a) is a continuous function of 
bounded variation such that g(o)>D", where D' is the mean upper 
density of the sequence {dn}; 

2° F(s) is a holomorphic function in A which can be continued 
analytically from A to the circle C(so, wR) (i.e., |s—so| <7R) 
through a channel of diameter greater than 2xD’.1 

3° For a given positive integer K, > dne* represents, with 
m>K, F(s) in A with the logarithmic precision px(c). 

4° The hypothesis A|g(c), px(c), {An} | ts satisfied. 

Then 


| dx | <= (1/2) 7rAcR- e?”(B) Ne K(20) M(so, aR) 
where 


M(so,7R) = Sup | F(s) | : 
se(C89,xR) 

COROLLARY. In the statement of theorem 1, the hypothesis A 
(in 4°) can be replaced by one of the hypotheses A‘, A’. This fol- 
lows immediately from lemma 1. 

The proof of Theorem 1 will not be given here. The reader 
can find it in [1], where applications other than those made be- 
low and related to many branches of analysis may also be found. 

2. Let E denote a closed set on the real axis R of the complex 
z=x-+vzy plane. If H=R, let Az denote the upper half-plane: 
y>0. If EAR, let Az denote the complement of £ with respect 
to the entire z-plane. Let M(r) be a positive function defined for 
r>0 and let p21. We say that M(r) is a function associated (p) 
with the set E, if the class W,(E, M) of functions ®(z) holomor- 
phic and uniform in Ag, with ®0, and satisfying in Az the 
inequality? 


| (2)| < M(|2|)| yf 


is void. The concept of “M(r) associated with E” was already 
introduced in [2]. We shall now generalize this concept in the 
following fashion. 

Let A={ An} be a sequence of positive increasing integers, 
and let 9t={M,} be a sequence of positive numbers. We say 
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that the sequence M is associated (p) with the set E and the se- 
quence A if the following conditions are satisfied: 

The class W,(E, 9, A) of functions @(z), holomorphic and 
uniform in Az, with ®(z) 40, and such that to each ® corresponds 
a sequence of complex numbers {di} so that the following in- 
equalities are satisfied in Az: 

m dn 


(5) #G)'= De | S AMenl sled yl 


(Am S 9 <Ams1, m <1), | &(z)| < Al y|"?-, 


(where A is a constant, and where g takes, for each m21, all 
the integral values of the semi-closed interval [Am, Xm+1)), is 
void. 
If a is a positive quantity we call the set E,, defined by 
Es= U [x—a,x+<a] 


zE€E 
the a-covering of E. 


Lemma 2. Jf a function ®(z), holomorphic and uniform in Ag, 
satisfies the inequalities (5) then for z©Az, | y| S1,x*¢E,, a<1, 
the following inequalities are satisfied: 


m od 5AM 
&(z) = +B BS: = btaiaad 2 (Am =< q “= Am+1, Mm = 1), 
Koy DEH a| g|ett 
(6) 

5A 

| &(@)| s—- 
a 

On setting 


F(a) = | 90) — SS] een, 


K 


one sees that it is sufficient to prove that, if a function F(z), 
holomorphic and uniform in the strip —a<x <a, satisfies there 
the inequality | F(z)||y| <, then for | y| <1, 


| F(iy)| < 5Mo-. 


This follows from a device of Marcel Riesz. The function F*(z) 


a 
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= F(z)(s—a)(z+a) is bounded on the square y= +a, x= +a 
by the quantity 5Ma; our conclusion is then immediate by the 
maximum principle. 

If @ is holomorphic and uniform in Ag and satisfies there the 
inequalities 


Ot Sern 
Ly| |e 
then it satisfies also the inequality 
Cie eee 
ly| (21) 


where T(r) is the function introduced by Ostrowski [3], T(r) 
=Sup, 7”/M,; so that if IM is associated (p) with E and a void 
sequence of (positive!) integers, the function M(r) =(T(r))— is 
associated with £ in the sense given before. Therefore, at least 
when M(r) is of the form: M(r)=Inf M,/r*, the notion of a 
sequence SW associated (p) with £ and A generalizes that of the 
notion of a function M(r) associated with E. 

3. We will present now some well-known results concerning 
the Fourier-Carleman transform. 

Suppose fEL, on R, and let f be its Fourier transform 


JI@) = S(f) = —=f S(ue-™*du3 


? is a bounded continuous function on R. The class of function 
¢@ which are Fourier transforms of functions of L is called A. 
The spectrum of f is defined as the set 


o(f) = {uj f(u) ¥ 0;.4 


If we set for z=x-+1y: 


1 ° : 
Ft(z) = a f(uje"“*du, for y > 0 


(7) itis 
F-(z) = — an f(uje-“*du, for y < 0, 
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the functions Ft, F- are analytic continuations of each other 
across each interval (a, b) which belongs to the set comple- 
mentary to o(f) with respect to R (if o(f) #R). In other words, 
there exists a function F(z) holomorphic in A,y), equal to F*(z) 
for y>0, and (if o(f)#R) to F-(z) for y<0. The couple (Ft, F-) 
constitutes the Fourter-Carleman transform of f. Obviously such 
a couple may be defined also for functions f not necessarily be- 
longing to L. This couple shall be denoted by ¥C(f). 

Suppose then that fEL7(p2=1) (L*=B denotes the class of 
essentially bounded functions). Define F+ and F- by (7). These 
functions are again holomorphic and uniform in the upper half- 
plane y>0 and lower half-plane y <0, respectively. If fEZ and 
if no point of [a, 6] belongs to o(f), then F+(x+iy) —F-(x—iy), 
(y>0) tends to zero with y, uniformly on [a, d]. In a general 
way, if fEL?, an interval (a, 6), such that F+ can be continued 
into F~ across (a, 6), thus 


in [F+(x + iy) — F-(x — iy)] = 0, 


uniformly on [a’, b’], (a<a’ <b’ <b), is called a concordance 
interval of f. And the set complementary to the union of con- 
cordance intervals with respect to R is called the spectrum of f. 
This definition is consistent with the one given for the spectrum 
of a function fEL. 

Here again there exists a function F holomorphic and uni- 


form in A,y), equal to Ft for y>0 and (if o(f)#R) to F- for 
y <0. 


We see by Schwarz’s inequality that 


[P@| s (eran) '( [1700 baw)”, 
sti 
q 


| F+(e)| < c(p)| y|-*lfl., 


(where |If||, is the norm of f in L,). The same inequality holds 
for F~ in the half-plane y <0. 


that is 


eer 


Rens sso to 
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4. We denote by L7(I, A, E) the class of L? functions, in- 
finitely differentiable on R satisfying the conditions 


{™ EL, ||f™||p S Ma, o(f) C E, f9(0) = f(0) = O(n = 1). 


If no condition on o(f) is indicated, that is to say, if E=R, we 
shall denote the class L?(91, A) [thus, f belongs to L?(M, A) if, 
and only if lf||,< Mn, f(0) =f) (0) =0]. If F is the function 
equal to Ft for y>0, and (if o(f)#R) to F- for y<0, we shall 
also write F= (Ft, F-) =@(f). If o(f) CE, F is holomorphic and 
uniform in Ag. 


Lemma 3. Let fEL?(M, A), (p21) and let F=FC(f). Let {un} 
be the sequence of positive integers complementary to A with respect 
to all the positive integers. 

The following inequalities hold for | y| >0: 


ese m_ fln)(Q) 
V/ 2xrF(z) — Py, Gipeett 
A(9)||f%?||p| [-*| y [ve 
A(p)Mos1| 2[-* | y|/?-, (im Sq < mas, m = 1); 
| V2nF(2)| S A(e)| y|¥e. 
By repeated integrations by parts of the first formula of (7) 
we obtain for y>0: 


(8) 


IA IIA 


MRI) e eee 


iz (iz)? (iz)” 
1 0 
™)(u)e—*™du. 
Foi ee 
Since f(0) =f» (0) =0, the above equation reduces to 


+ 


/ 2nFt(z) = > Dee eee f . ff) (u)e-*du 
nti (iz)Mett (iz) tt J _ : 
where g is any integer such that um Sg <bMm41. 
The inequality of Schwarz furnishes immediately (8) for FY. 
The same inequality holds for F-(y<0), and the lemma is 
proved. The second inequality of (8) is immediate. 
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THEOREM 2. Let fEL?(M, A, E). If the sequence M ts assoct- 
ated (p) with E and {un} ; {un} being the sequence complementary 
to A with respect to all the positive integers, then f(u) =0. 

On setting F=FC(f), we see, by lemma 3, and the fact that 
NM is associated (p) with Z and {unt , that F(z) =0. From F(z) 
=0 it follows immediately that f(u)=0 for «<0, and from 
F-(z) =0 that f(u) =0 for u>0. 

Theorem 1 will allow us to give explicit conditions relating 
om, E and { vn} in order that 91 be associated (p) with E and 
{un}. This will be done in Chapters II and III, where (Ch. III) 
the condition “The class W(M, E) =W(M, EL, 1) is void” will 
be related to many other conditions concerning problems ap- 
parently distinct from this one. But now, let us handle rapidly 
the case where E=R, that is to say, the case where Ag is the 
upper half-plane (p21, being arbitrary). For that purpose we 
establish the following lemma: 


Lema 4. Let ®(z) be holomorphic in the half-plane y>0, and 
satisfy there the inequalities (5), and let us set V(s) =A q)-Gl») 
B(ie*). The series yit1q1-Alp)A-1q,e-Onts represents V(s) in 
every A, defined by 


Tv 
o > loga, | z| mere — ae”), 


for m>K, K being any positive integer, with the logarithmic preci- 
ston C(c) given by 


(9) C(c) = Sup (no — log M,) 
nal 
and in Ae: | W(s)| <1. 


It follows, indeed, from (5), K21 (integer) given, that, for 
y2za,m2K, 


m dn 
&(z) — >> S Aa’?! Inf (Mai | z|-2-). 
q=\ 


nasil ghntl ~ 


It is readily seen that for 7 sufficiently large (r=rx), we have: 


Inf (Mg41| 2|-*-!) = Inf (M,| 2|-*). 
a2, nel 


—_ 
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The transformation z=<e* furnishes the end of the proof. 

An easy application of theorem 1 enables us to prove the fol- 
lowing theorem. 

THEOREM 3. Let {un} be the sequence complementary to A with 
respect to all the positive integers. Denote by D’,(x), D’,(x) re- 
spectively the upper density function and the upper mean density 
function of {un} . Let D’, be the upper density of {un}. Let us de- 
Sine C(c) by (9). If D',<1/2, and if one of the following conditions 
1s satisfied 


then L? (M, A) contains only the function identically zero. 

The divergence of the first of the integrals (10) implies the 
divergence of the similar integral when in the expression 
exp{ —/*[1—2D",[C(u)]]-"du} the bracket is replaced by 
{ —f*[1—ae-“—2D", [C(u) ]]-*du}. The same remark holds for 
the second integral. On the other hand, one sees easily that on 
setting, for example, g2=log a—log (1—2D’,)+D',+1, there 
exists a circle C(o., 7R) with D',<R, C(so, tR)CAg. On apply- 
ing theorem 1 and lemmas 3 and 4 we have: 


ote | £(0)| < B(R) Ment Dea, (a1), 


(10) 


where M,* is the sequence associated with the sequence {pn} 
(R remains constant, B(R) < ©). Since ga — © as a—0, Un>0, 
we have f#»)(0) =0 (x21). That F(z) =0 follows then from the 
inequalities (8) which become for y21: 


| F@| = KT-\|s|), 
where 7(r) =Sup r”/M,. Since each of the relations (10) implies 
© log T 
f oe Die es 
(hed 
Watson’s theorem (in Ostrowski’s form) furnishes F=0 [1], and 
hence f=0. 
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Lemna 5. Let $(t) be a non-decreasing, bounded function on [0, ©). 
The function 


L(x) = log df ” -d6(t) 


is a convex function on the interval on which it is finite. 
Let us set 


22) = frat); 
0 
it is sufficient to prove that for h>0, and x such that ®(x)<@, 
@(x+2h) << ©, we have 
(x + h) S [B(x) O(x + 2h)]"/2. 


If the polynomial P(y) =ay?+by+c, with real coefficients, is 
positive for y>0, then 


a(x + 2h) + bB(x + hk) + cB(x) 


11 = 
eed = f (at + BM + c)db(t) = 0. 
0 
If we set 
Bag &(x) 1/2 ig % @(x + 2h)? 
wn[stig]” b= — <= omy” 


P(y) is non-negative and therefore, by (11), 
[ D(x) b(x + 2h) |? = B(x + A). 


Lema 6. Let f(x) be an even function, infinitely differentiable on 
R, such that 


flmlasm, @ezo, 


log MM, being a convex function of n. Let log M(x) denote the 
ordinate of the polygonal line (x=0) with vertices (n, log M,). If 


PoP M5 RO yay rors 


er. 
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1 1 * —itwt 
H(w) = lim. eee dl, 


then H(w) is even, H(w)w* is integrable on [0, ©) for all x=0, and, 
for n=0 


{™W = —f H(w) wet ¢dt, 
There exists moreover a constant C< , such that 
if | Hw) | rdw S CU(e +1), (x = 0). 
0 
We have by the classical Plancherel’s theorem 
1 A 
a= f H(w)e-**tde, 
i) Azo VW2rd a 
and 


i 1 1 : nN p—iwt 
(12) f() = (-3) fm. = _ H@)ere de, 


Therefore 
[FP lls = |] 2) oll 2, 


and since H is even, we have: 


f “| FH) [dt = fi “| H(w) |'o "do S My. 


But, by lemma 5, log | H(w)|%w*dw is a convex function 
of x, therefore we may write: 


ifs H(w) |2w2*den Ss M*(x), 


and Schwarz’s inequality gives finally, since, by convexity of 
M(x), log M(x) <log M(x+1)+0(1): 


fol a@ | ote =f] 2@)| odo + f"| 2) | eee 
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< | if | Hl) parae | 
HU 2)°L ne oma 


S M(x) + M(x+ 1) S$ CM(« + 1). 


In particular, H(w)w*€L on [0, ©) for x20, which allows us to 
write (12). 


CHAPTER II 
COMPOSITION THEOREMS 


1. The present chapter is devoted to the presentation of 
“composition theorems.” We begin by the first theorems con- 
cerning composition of infinitely differentiable functions estab- 
lished in [4] and [1]. The idea of “multiplying” the spectra of 
the composed functions, which further emphasizes the similarity 
of this kind of theorem to the famous theorem of Hadamard on 
the composition of singularities of Taylor series, will be intro- 
duced later. 

Let A and A’ be two complementary sequences of positive 
even integers (AMA’=void, AUA’=the set of all the positive 
even integers); and let SW and SW’ be sequences of positive num- 
bers. As before, we denote by Z?(91, A), L?(2’, A’) respectively 
the classes L?(9N, A, R), L7(9’, A’, R); that is to say, for in- 
stance, L?(91, A) is the class of infinitely differentiable functions 
on R defined by: fEL7(M, A) if, and only if, fY~EL7(nZ=0), 
lf ll> S Mn({ Mn} = 90), f(0) =f (0) = O(n = 1)({an} =A); 
(= {M,! }, A’= {1 }). We shall indicate conditions, relat- 
ing the two sequences SY, IV’, which imply that one of the two 
classes L7(91, A), L?(9’, A’) does not contain even functions 
not identically zero. 

We shall deal only with the cases p=2, p= ©. We shall sup- 

pose in this chapter that log M, and log M;! are convex functions 
of n. 
Lemna 7. Let ¢ be an even function belonging to L?(M, A), A being 
a sequence of even positive integers. Let F(s) (s=o-+1t) be a func- 
tion holomorphic in the strip | t| <ar, and let p(t) be an increasing 
continuous function such that 


lim p(t) = &, 


t=ar 


and 
i ear ms 
0 
15 
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Suppose that there exists a sequence of complex numbers {dn} 
such that, for |t| <a 


F(s) — Do dne 
n=l 
(13) sii 3 
<s My e7 ate (ltl) ba (Xm < q < mp1, = 1), 
| F(s)| S Mg eit), 


where b and c are constants with b=0, OSc¢<d. Suppose more- 
over: 


= ©. 


M,M, 1/2a 
(14) ( 


MayiMass 
Then, either 6=0, or F=0; if F=0 then also d,=0(n21).5 

It can be assumed without loss of generality that ||¢||2< Mo 
with M,5(M)M2)"/*. In other words, that log M, is a convex 
function for 20. 


Suppose then ¢40. We must then prove that F=0, with 
d, =0(n21). 
Let us set 


A 
H(w) = Lim. fe a oie) ate a 
K(x) = H(e*)e. 


H(w) is an even function, and, by lemma 6, we may write: 


f K(x)edx = f "Higioeds = (—1) 16%) (0) = 0, 


(15) 

(n Pa 1), 
and 
(16) Jf | K@ let s cues», (= 0), 


where log M(x) denotes the ordinate of the point of abscissa x 
of the polygonal line with vertices at (n, log Mn), (n=0). 
We shall now use a method which was first used by Fuchs [5] 


~ 
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in a proof generalizing a theorem of the author of this Pam- 
phlet. 
For | | <am, x real, we can write: 


F(s — x) — nent ehnt 
an |Pe-9- 


< Mje-2+P (tl )+a2—bo+b2(,, s Ca Am+1) m = 1). 


Since, by (15) 


K(x) >> dreO*0-) dx = 0, 


n=1 


on using (16), with £=q+4, (17) furnishes the inequality 


f 7% — x)K(x)dx 


(18) Sa 
S ME e- at bet viitl) | K(x) | e(atd)zqdy 
< CiM 442M gy pem otootr (lel) (q=™, | t| < an), 


where k is the smallest integer not smaller than 1+), and where 
C; is a constant (the existence of C; follows from the convexity 
also of log M,/ as a fundtion of m). The function 


(19) FAs) = i) F(o = KCdE 


is holomorphic in the strip S=( |z| <am). Indeed, D being any 
compact, with DCS, we have by the second inequality in (13); 
for sED: 


|t| St < az, o> a, 


(20) f | Fs — a) K(x) [dx Ss More [| K(@) | mdr < 2; 


(that is to say, the integrated expression in the left number is 
majorized in D by a positive L function, independent of s). 
Let us set 1g(c) = p—!(c), where p-1(c) is the inverse function 
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of p(t), p-(p(t)) =a; g(a) tends increasingly to a as a tends to 
infinity and 


(21) fo — g(c)|do < ow. 


If we choose o>» sufficiently large, and denote by A the domain 
o>, | ¢| <mg(c), the function ®(s)=e®*-*F,(s) is holo- 
morphic in A, and, by (18), satisfies there the inequalities: 


| B(s)| S CaM gieM Gane" te)- G40) 
< CyM gir M gre “2, (q > AP 


It follows then from a special, rather simple, case of a gen- 
eralized version of the solution of Watson’s problem (see theo- 
rem 2.4.II in [1] and [6])®, that ®(s) =0, that is to say, F,:=0. 
It follows from (13) and (15) that for any b’ with c<b’<y: 


e’2F (x4) = O(eH!), (| 2 | —+o,1>0). 


Therefore, e?’*F(x) EL. It follows from (16) that e’*K(x) EL. 
If F* and K* denote respectively the Fourier transforms of 
e’’=F(x) and e’*K (x), \/2xF*-K* is the Fourier transform of 


an F(u — t)K(t)dt = e’“F,(u). 


Since F,=0, we have F*K*=0. But K* is the restriction to R 
of the function K*(z) (s=x+7y), given by: 


1 
K*(3) = ef Keo 


b/—iz 

-—f" H(w)w’-#dw, 

this function being holomorphic, as we see by this formula, for 
y> —b’. H(w) is distinct from zero on a set of positive measure, 
since ¢ is not identically zero (¢ is continuous!). The same is 
therefore true for K and K*. Since K* is analytic on R, K*(u) 
=0 only on a discrete set of points. It follows then from F*K* 
=0 that F*=0. Thus F(s)=0. If we set then in (13) F(s)=0, 


Composition Theorems 19 


we get for every m=1: 
Di due = O(c), (o> @), 
1 


which proves that d,=0, (n21). Our lemma is proved. 


Lemma 8. In lemma 7, L?(o, A) can be replaced by L*(M, A), 
provided the supplementary condition b<)d2—d, is added. 
We have now: 


| o(x)| < Mn, (n = 0), 
¢(0) = $90) = 0, (n = 1). 


Let us set 
1 z 
ge) = — four, 
x Jo 
g(x) is an even function, and 
g(x) = pf p+?) (£) inde. 
0 


This is seen by successive integrations by parts. We see also 
that 


g®n-2)(0) = 0, (nm = 1). 


If we suppose, as in the proof of lemma 7, that SW is a non- 
decreasing sequence (which is no restriction), we may write: 


re) 1 z 2 
f | g™ (x) \"dx < if ee {f. Mayzot"dt| dx 
0 0 0 
0) x 2 
+f 472 (n+1) pt) (x) 4 = nf pt) (£) i>—-ldt dx 
uh 0 
<M, aM = d-Miais, .(1 = 0) 
= n+2 (n Bis 1)? at+1 = n+2) = ) 


where d is a positive constant. 
Lemma 7, where F(s) is replaced by [F(s) —die™* Je”, An by 
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Naqi—2("21), Md by My’ and ¢ by 6+)1—2, shows that one 
of the functions g or F is identically zero, which proves the 
lemma. 

Lemma 7 may be generalized in the following fashion: 


Lemma 9. Let dx (R=1, 2,---,N) belong to the class L?(M™, 
-A®), where A” are sequences of even positive integers, and let 
Usexew AM =A. Let F(s) satisfy all the conditions of lemma 7, and 
suppose that 


=| 


Then either one of the functions ox 1s identically zero, or F=0; 
if F=0 then also d,=O0(n=1). 

If we replace in the beginning of the proof of lemma 7, ¢ by 
gi, and, correspondingly, H and K by Hj (defined by ¢:; as H 
was defined by ¢) and Ki, {An} =A by {An} =A™, { 17, } =o 
by {,} =o, we see immediately that (18) should be re- 
placed, because of (15) (with the corresponding changes), by 


if F(s — x) Ki(x)dx — >» dy | if K,(a)e ds | rs 


n=1 


(1). , (2) (k) 
M, M, oe -M, M ies 


eee = 0 
@) 2,2) ® 3,7 . 
Mn4+iMn41 - + - Mnti Mati 


ss If F(s — «)Ki(x)dx — = di f Ky(a)emdaem| 


(1) pr) —(a+b)o+piltl) ’ ’ 
S CiM gir Mire » (Hp S 9 S Bot), 


where p= {un} is the sequence complementary to A™ with re- — 


spect to all the positive even integers, and where, is the largest 
Hn smaller than A“. On setting 


ds f Ki(x)e@dx = 7 ‘ 
fF — x)Ki(x)dx = F,(s), 


f Ki@henas = A, 


ee ge Ris 3 Baga 
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F,(s) satisfies, this time, in | z| <a, the inequalities 


Fi(s) — od, e 
1 


(1) 


—qo—bo+-p (| t]) 
SOM as Sn 


Moyne (tm Sq < bmi, m = 1) 


and 


Fi(s) | S AM yg ev ltl-e, 


Thus we have reduced the number of functions, ¢, from N to 
N—1. One sees then easily how to continue our proof. 

Lemma 8 may, of course, also be generalized. We have then 
the following lemma. 


LemMaA 10. In lemma 9, L?(m™, A®) may be replaced by 
L(t, A”), provided the supplementary condition b<minigrsn 
As —d\i™) is added. 

We leave to the reader the proof of this lemma. 

2. Lemmas 7 and 8 lead to the following theorem [1]. 

THEOREM 4. Jf log M,, and log M,! are convex functions of n, 
and 


M,Mn 


(22) —_;- = 
MnytMnys 


a. 


and if A and A’ are two sequences of even positive integers comple- 
mentary with respect to all even positive integers, then, for p=2, and 
p=, one of the classes L?(9-A), L?(M’, A’) contains no other 
even function than the function identically zero. 

We recall that v= {M,}, mv’={ M! }; (we recall also that, 
at least for p= ©, it is essential to suppose for a function f of 
the class that also f(0) =0, which is, by the way, contained in 
the definition of Z7(9%, A); but it is not necessary to suppose 
f(0) =0 when p=2). Let us first suppose p=2. 

Let gEL*(9W’, A’), and let us set for A=({t| <2): 


(23) 6) = if “[e(a) — 9(0)]ew#de. 
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We have fy*e~*“dx=e-*, and fo%g(x)e~**dx represents also a 
function holomorphic in A, which can be seen by an easy appli- 
cation of Schwarz’s inequality (since gE L’). 

After g+1 integrations by parts (An Sq <An+1), we get 


q 


G(s) = DS gO (O)e  OetDs + ecto f g(t) (x)e="da, 
0 


k=1 
since to every k=1 corresponds a sequence {x,;®} such that 


fas _2," 
lim ts = OO, lim g. a oe 2 =O, 
j=o j=o 
and therefore, the non-integrated terms corresponding to the 
kth integration by parts are g@-(O)e—**, if kR>1, and zero if 
k=1. We have also g“™(0) =0 (x21). 
From ||g||,< 4! (n20) it follows that, for sGA 


| G(s)— > gw (O)e- Ort Ds 


k=1 


e (atle 


IIA 


f en? g (atl) (x) dx 
0 


) ‘ 1/2 ro) 1/2 
< e~ (atl)e | f e227 Re az | | f | gat) (x) ae | 
0 0 


< eto M1. 1[/2(e" cos t)]-1/2, (An Sq < Anti). 


We have therefore in A: 


<< ecetne f eRe’ | gat) (x) | dx 
0 


G(ser — gO) 
1 


< Mosi1e-%(e% cos t)-/2, (An S q < Anti): 
_ An integration of (23) by parts gives also: 
| G(s)et | S Mi (e’ cos t)-1/? | t| < : 
It follows from (22) that 


M, Miss ee 
Mayr Mays 


~ 


patente a me 
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It follows then from lemma 7 that, if there exists a function 
¢ of L*(S, A) not identically zero, then we must have G(s) =0, 
and g(x) =g(0); but from gL? follows then that g=0, which 
proves the theorem for p=2. (The hypotheses of lemma 7 are 
satisfied with F(s) =G(s)e*, p(t) = —1/2 log cos t, b=c=a=1/2.) 
In the case p= © we shall set 


Gs) =f gaewas, 


and we will find in A: 


n 


G(s)e? — >) g%)(0)e 


k=1 


S Myy1e-"(e* cos Det Ones 0. Naas ee), 
and 
| G(s)e* | S Mj (e’ cos #)-}. 


We complete the proof as before, basing ourselves, this time, 
on lemma 8. (The hypotheses of lemma 8 are then satisfied 
with F(s) =G(s)e*, p(t) = —log cos t, a=b=1/2, c=1). If instead 
of lemmas 7 and 8 we use lemmas 9 and 10 we may prove the 
following theorem. 

THEOREM 5. Jf log M,” (1SkSWN) are convex functions of n, 
and uf 


«) 
M, 


then, for p=2 and p=~, one of the N classes L?(M™-A®), 
(1SkSN), where the sequences of even, positive integers \™ are 
such that Uieren A 1s the set of all even positive integers, contains 
no other even function than the function identically zero. 

3. There is a dual relationship between the existence of a 
non-trivial function (that is to say not identically zero) of a 
class L?(9%, A) and a non-trivial function holomorphic in 
| z| <(/2), admitting there an asymptotic representation by a 
series of the form > d,e~s', A’ being complementary to A with 
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respect to the set of all positive integers, and characterized (in 
a way similar to that given, say, by formula (6)) by the se- 
quence S1v.® 

One may then ask: does a composition theorem analogous to 
theorem 4 hold for functions having asymptotic representations? 
As a matter of fact one could establish such a theorem as a con- 
sequence of theorem 4. But, a direct proof, which does not in- 
volve infinitely differentiable functions, can be given. Before 
we state the theorem we shall prove the following lemmas [8]. 


Lemma 11. Jf F(s) and ®(s) are holomorphic in | ¢| <(m/2), con- 
tinuous on | ¢| < (1/2) and defined for t¥(m/2)(2k+1), k being 
any integer, so as to have period mi, if there exist positive constants 
M, M’ such that | F(s)| <M, |®(s)| <M’ in |t| <(a/2), and if 


H.(w) = =f. aaa — s)ds, 


where the path of integration T'.(w), w=u-+iv, proceeds along 
straight line segments joining c—(mi/2), u—c—(mi/2), u—c 
+(mi/2), and c+(mi/2), then H,(w) is also given by 


is F(w — s)®(s)ds, 
Wt Y Te(w) 
and is holomorphic in the strib 0<u<m. 

Let 0<v<z; F(s)®(w—s) is holomorphic, as a function of s, 
for (1/2) <t<v+(m/2), and for v—(r/2) <t<(m/2); it is con- 
tinuous on the boundary of each of these strips. We see by 
Cauchy’s theorem that 


1 w—(ce+mri/2) 1 c+mri/2 
H.(w) = — Ape F(s)&(w — s)ds, 
HVS c—ri/2 TUS w—(c+mi/2) 
the integration being along straight line segments. 
Let I’; (w) denote the path traversed by w—s as s moves along 


I'.(w) in the opposite sense. It proceeds along straight line seg- 
ments joining 


w- (c+), c+i(o- =), c+i(o+ =) 
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Pawo ON eclimmet 6 
2 


Again, by Cauchy’s theorem: 


and 


f, F(s) ®(w — s)ds 
Te(w) 


ctri/2 w—(c—mi/2) 
= f + F(s)®(w — s)ds. 


— (c+mri/2) c+ri/2 
But 
w—(c—ri/2) w—(c+ri/2) 
f F(s) ®(w — s)ds = f F(s) ®(w — s)ds 
c+77/2 c—mri/2 


since F'(s)®(w—s) has period 77. 
Therefore 


if F(s) ®(w — s)ds = f F(s)®(w — s)ds 
Te(w) To’ (w) 


= i F(w — s) ®(s)ds. 
Tc(w) 


Let now wo=uUptiv0, O<v9<7; Gg =1/2 min (T—4, vo); and 
let {en} be a sequence of positive numbers decreasing to zero. 
Let then 

w—ce—i(r/2+en) 1 c+ri/2 


H;(w) = = +— F(s) ®(w — s)ds, 


Tid o—ri/2 Rt w—o-i(z/t—tn) 


the integration being always along straight line segments. For 
we C(wo, 4) (i.e. | ww —w| <e,) and for s on the first part of the 
path of integration: 


T T T 3a 
ae = 5) §) ee 
on the second part: 


T Tv Tv Tv 
Ba ge Seg eg et a 
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Therefore H,,* is holomorphic in C(wo, 4). We have by Cauchy’s 
theorem: 


* 1 w—c—i(x]/2—€n) 
H.(w) — H,(w) = — F(s)®(w — s)ds. 


11 w—c—i(x/2+€n) 


Hence | H.(w) —H,*(w)| <2MM'e,/7, and H,* tends uniformly 
to H.(w) in C(wo, €:). H-(w) is then holomorphic in this circle, 
and therefore in the strip 0<v<z. 


Lemna 12. Let F and © satisfy the same conditions as in lemma 9. 
Let us suppose, moreover, that 


F(s) — De 0,60." = Moe 
1 
(24) (2m S q < 2m + 1), 
Lo — DY dne?"*| < Mye-” 
1 


where {M,}, {Mi } are positive sequences, log Mn, log My! being 
convex functions of n, and M,2a>0, M, 2a>0 (n21). 

Then there exists a positive constant K, such that for u<c, 
0<v<m, (w=u-+iv) the inequality 


H.(w) — >> dadf e-?" 
1 


< KMoiMgyse?™, (2m Sq < 2m+ 1), 


holds for u<c, 0<v<rm. 
We may write: 


H.(w) — >> dndy e-2"” 
1 


1 m m 
==. Ee &(w = s) on >> d,e~2"* Sony ean ds 
) 1 1 


a Te (w 


1 
=—[A+B-Cl, 
11 
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where 
A= f | Fo — $3 dne*| b(w bce s)ds, 
Tc(w) 1 
at if Ec —s)— Didy et F(s)ds 
T.(w) 1 
a f EG —->) 4@ et F(w — s)ds, 
T (w) 1 
and 
C= Ee — a dae | EG _ S) — »D dy, aie ds. 
Te(w) 1 1 


On denoting by I, the closed path obtained by adding to 
T'.(w) the straight line segment c+(mi/2), c—(mi/2), we can 
write 


tri /2 m 
A= + [F (s) — >> dae ®(w — s)ds. 
1 


T. co—ri/2 


The integrand in A being holomorphic as a function of s in the 
strips — (1/2) <t<v—(m/2), v—(m/2) <t<(m/2) and continu- 
ous on their boundaries, F(s) being holomorphic when ?¢ 
=yv—71/2, we can write by Cauchy’s theorem 


= f e [F (. ye i(e ce =)) as > deniers | 
u—c 2 1 
ac -—-o- =) - 2(u —-ot+ =) |e 
2 2 
= : [F (u —rt+ i(> es =)) = x dementia | 
u—c Z 1 
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But, since 


o(,-=)- o(r+=) -2(,-=) 


i 
2 
2( Ee =“) 
- | +2 
we may write by (24) 


(26) ja(r- 2) — 0(+ +) < amen 


for every p20 (My = MM’). 
If follows from (25) and (24) that 


f [ro - Bacm] owe =a 


(27) : wi mi 
3 Mee f ev a(; - *) - (+ + *) 


(2m S q < 2(m + 1)). 


a 3 dn e722 (1-8 i/2) 
1 
m 

aoe 
1 


de errors E 


dr, 


On using (26) with p=q-+1, for the part of the integral of the 
second member of (27) extended over [0, ©), and using the 


evaluation 
=) ofe4 2) cm 
Soot Was nhs 
2 eee 
for the part of the integral extended over (— ~, 0], we find 


i r. [F ee 2 due Bw — s)ds 


S 2Mge™[M'/q + Mosil. 
We find also immediately 


f ia [F (s) — > dye] B(w — s)ds 


c—mi/2 


SoM’ Me". 
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Therefore for u<c: 


Se ar 
| A| S 2Mye-™ (+ —) at = Meus], 
q 
(2m S q < 2(m+1)). 
And similarly 


T 1 
2M { e- (= = -) Aft = Mors, 


| B| 
q 


IIA 


(2m Sq < 2(m+ 1)). 
If 0<v<z, ®(w—s) takes the same values on t=7/2 as on 
t= —(7/2), and we may thus write: 


u—c+ri]2 


Ss Ee = ss dye | 


u—c—7i/2 


| ew —-s)—- did ercon las 
1 


2 rt Ti 
+f Tol 8) 0-9) 
u—c 2 2 
. E (« —ot “) — ss ad ea do. 
1 


On conducting the proofs as above we find 
tM, 
Js 


| M 
(Cres 2m (— + + Meus). 


The evaluations of A, B and C, and the fact that log M, and 
log M,! are convex functions of u lead, for u<c to an inequality 


of the form: 


el 2.) — 3) dd 
08) S 
< e™[CiMy + CoM + CsMay:Moys], (2m S q < 2(m + 1) 


where the C’s are constants. 
The conclusion of our lemma follows immediately from these 


30 The Rice Institute Pamphlet 


inequalities, if we recall again that log M, and log My are con- 
vex functions of ” and that there exists a constant a>0 such 
that M,2a, M, 2a>0. 

REMARK. Without supposing that the sequences {M,} and 
{ M, ‘“ } are bounded away from zero, the other hypotheses of lemma 
10 being satisfied, we can assert that the inequalities (28) hold. 


Lemma 13. If to the conditions of lemma 11 we add the condition 
that there exists a positive 6 such that | F(s)| <Me~!, |&(s)| 
<M'e-"\ for | t| <1/2, then H(w) =lim.-.. H.(w) exists, and is a 
holomorphic and bounded function for 0<u<z. If, moreover, 
H(w) =0, then either F(s) =0 or ®(s) =0. 


We know by lemma 11 that H,(w) is holomorphic in the strip 
0<v<z. We find, from the definition of H,(w): 


w—(c—ix/2) 
f F(s)®(w — s)ds 
w—(ce-+ri/2) 


Solel 3) *e- a) 


1 
TT 


ay 


wi 


< MM!’ + (2MM'/z) f etleldg = MM'(1 + 4/8). 


The functions H, are therefore bounded uniformly with re- 
spect to c in the strip 0<v<z. 

If c’>c, denote by I’ the rectangle whose vertices are u—c 
—(mi/2), u—c' —(mi/2), u—c' +(wi/2), u—c+(wi/2). We may 
then write: 


milH(w) — Hy(w)] = f OCC rmnte 


(29) +f [eter oy 


RI ERC 
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But, we have: 


f Foe — s)ds = os _ [row — s)ds 


u—c!—ni/2 —c—ni/2 


ae Bera lorcet) 


and we find then 


| f Foxe — s)ds| S 2M Mei 9) 4+ 2mm’ [ edo, 
is 09 


which shows that /; tends in any compact contained in 0<v<7 
uniformly to zero, as c tends to +. It is also easy to prove 
that the last integral in (29) is smaller, in absolute value, than 
2M M's.°e-*"do. Hence, lim... H.(w) exists, and it is holo- 
morphic, and, as shown before, bounded in 0<v<rz. 

From 


H(w) = lim F(s) ®(w — s)ds 


Bs Te (w) 


u—c+mri/2 
= |i ep F(s)®(w — s)ds 
Ci=ai0p u—c—mri/2 


e lus(t ae a eoa)) 


and the fact that the first integral of the second member tends 
to zero follows that 


H(w) = =f ¥(o)@((u See i(e - =))ae, 
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223 ee 


On using the same idea as that used at the end of the proof of 
lemma 7, we can easily finish the proof of the present lemma. 
The function 


where 


g(w) = wi (« + =) 


is holomorphic and bounded in the strip | v| <(2/2). We have 
W(c) =O(e*!"!), B(s) =O(e!"!) and 


g(w) = f ¥(0) Bw = odo, 


with V(c)EL, &(c) EL. It can also be seen that for 0<6’<6: 
g(w) =O(e*"'"!). 

It suffices now to imitate the reasoning of the end of the proof 
of lemma 7 in order to show that, if H=0, that is to say, if 
g=0, then either V(c)=0, or (c)=0. Now, if ®(¢)=0, then 
the conclusion of the lemma is established. If ¥(c) =0, that is 


Fe +") = F( sy 
o ris o 7 


then F(s) is an entire function, bounded in the plane (since it is 
periodic), and satisfying the inequality F(c) =O(e—!*!); there- 
fore F=0. The lemma is thus proved. 

We can now prove the following theorem. 

THEOREM 6. Let F(s) and ®(s) be holomorphic in |t| <(a/2) 
and continuous on its boundary. Let A, A’ be two sequences of 
positive even integers without common terms, the union of the two 
sequences forming the set of all the even positive integers. Suppose 
that in |t| <(a/2) the inequalities 


(30) | F(s) — Do ene "| S Mee”, ~ (Am Sg < Amy, m = 1), 
1 


Composition Theorems 55 
en Es) — D5. bane" | = Mce-@*, (Xp S G< Avs, m & 1) 
1 


hold, log M,, and log M,’ being convex functions of n. 
And suppose that there exists a positive § such that in |t| <r/2 


F(s} = 0 (e*) 
@(s) = 0 (e*) 


(c— — &~), 


Suppose, finally, that 


/ 
(32) > ee = 00 
MrsiMnsyi 

Then, etther F=0, in which case an =0(n=1), or B=O, in which 
case b, =0 (n21). 

From lemma 13 (and the hypotheses of this theorem) it fol- 
lows that the function H(w), corresponding to the functions F 
and ® of this statement, exists; and, d, being the coefficient of 
e-*"* for F(s), dx being the coefficient of e~2”* for ®(s), (dn =0, 
if 2nGA’, and d, =0, if 2n€A), dad =0 (n=1). 

Suppose first, that /, >a, Mi >a>0. By lemma 12, we have: 


| H.(w)| S$ KMaiMyie”, q21,u<c,0<0<7). 
Since H(w) =lim.... H.(w), we have in 0<v<m: 
(33) | H@)| S$ KMyy Mine, (q 2 2). 


If, now, lim inf,-.. 1/,=0, then, by the convexity of log Mn, 
we have limn-. M,=0; there exist then positive constants A 
and B such that M,5AB*(n21). If we replace in (32) M, by 
M_/' =AB", the corresponding series will still diverge. If we had 
lim inf,... VM,’ =0, then MJ could be replaced by M,,* = A,By", 
with M,/ <A,B,". In other words, even if one (or both) of the 
sequences {M,}, {M,/} were not bounded away from zero, 
(33) would still hold, on replacing, if necessary, {M,}, {Mi} 
by other sequences, still satisfying (32). 

It follows then from the solution of Watson’s problem [1] 
that H=0. The conclusion of the theorem follows then from 


lemma 13. 
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Theorem 5 can be extended to a set of NW functions in the fol- 
lowing fashion [8]. 

THEOREM 7. If 1°) Fi, Fo,--+-, Fw are holomorphic in | ¢| 
<(x/2), continuous on the boundary; 2°) there exists a positive 
constant 5 such that F,(s)=O(e")(s>7—~)(p=1,---, N); 
3°) in |t| <a/2: 


— e's (p) (p) 
F()9— Die: “Sa ey Onl ole 
% 


Niepsw A® =void, (A® = {dX }), UA® =the set of all the positive 
even integers; 


(p) 
M, 


4° 
) = Il sr M®) n+1 

Then, at least one of the functions F,(z) 1s identically zero, and 
the corresponding coefficients are all zero. 

Indeed, lemmas 11, 12, 13 may be used with an induction 
process. If F, ® satisfy the hypotheses of lemma 11, the function 


e(F, ®) = g(w) = H(s+ =) 


satisfies, as we have seen in the proof of lemma 11, the same 
hypotheses; and, if g=0, then, either F=0, or ®=0. Moreover, 
if F and ® admit asymptotic representations in | ¢| <(m/2), 
with coefficients d,, d, , and constants M, and M,! respectively, 
then g(s) also admits an asymptotic representation in | | 
<(m/2), with coefficients (—7)"d,dy and constants K May Mj43. 
This shows that the set Fi, F2,---, Fw can be replaced by 
g(Fi, F.), Fs, +++, Fw; the number of functions is reduced 
(and the case N is reduced to the case N—1). Since it is proved 
for the case N =2, the theorem is proved in the general case. 
4. Coming back to the composition of infinitely differentiable 
functions, we shall introduce the spectrum of such functions. 
This permits us to specialize the theorems given above in an 
interesting way. The spectra are then combined in a way similar 
to that in which the singularities are in Hadamard’s theorem. 


he Oe 
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Such a specialization is given in Lefkovits’ Rice Institute Ph.D. 
Thesis [9], with somewhat different definitions and more in- 
volved proofs. 

£, and E; being two sets of numbers, we shall denote by 
E,@ E, the set of all the numbers of the form a8, where a€ Fj, 
BEF). 

We will now prove the following theorem: 

THEOREM 8. Let MM, M’ be two sequences of positive numbers, 
log M, and log Mx being convex functions of n. (M={M,}, W 
= { M, }). Let A and A’ be two increasing sequences of even positive 
integers and let MN be the sequence complementary to AU/A’, with 
respect to the sequence of all even positive integers. Let E,, Ey be 
closed, symmetric sets on R, neither containing the origin (the 
point 0). 

If the sequence {M,M,! } is associated (2) with the set E,@ Ez 
and the sequence XN, then, the only even function contained in one 
of the classes L?(M, A, E,), L?(M’, A’, E2) ts the function identically 
zero. 

This theorem generalizes theorem 4, (with p=2). Indeed, if 
E,=E,=R then E,@E,=R, and, if (22) is satisfied, {M@,M, } 
is associated with R (Ag is the upper half-plane) and the se- 
quence complementary toAUA’ (the sequence of all the positive 
even numbers). 

Let us suppose, for instance, that there exists a function 
fEL(m, A, Zi), not identically zero. Consider then the func- 
tion H(w) introduced in lemma 6. By lemma 6 we have: 


(=p f HD ee Lee) 
and 


died H(w) | wdw S$ CM(x +4 1), (x = 0), 


where log M(x) denotes the ordinate of the polygonal line 
(x0), with vertices (, log Mn). 
We note, on the other hand, that 


H(w) = 0 p.p. on o(f). 
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Let us also set K(x) =H(e*)e*, s(f)={x|e*Go(f)}. We have 
K(x) =0 p.p. if «€s(f), and 


(34) fi K(i)e*'dt = 0, 


(35) f | K(1) |edt S$ CM(x + 1), (x = 0). 


Let now gE La’, A’, Ee), and let G(z) = (G+, G-) =FC(g). 
We have, by lemma 3, for | y| >0 
ons m (2n) @) 
| v2rGt) ape 


Par, (iz) 2n+1 


< AMgu:|z|- | y["2, (2m S ¢ < m+ 1), 


(36) 


where A is a positive constant, the function G(z) being holo- 
morphic in A,j. From the fact that g is even it follows that 
G(z) is odd. On setting ®(s) =+/2me*G(—ie*), the function ®(s) 
is holomorphic and uniform in the part D of the plane s obtained 
when (on setting s(g) = { x| e*€o(g)}) all the points ¢+(2k+1) 
-(1i/2), o€s(g), Rk any integer, are removed. We have, more- 
over, in D: ®(s+77) = G(s). 

Since the origin does not belong to o(g), D contains a half- 
plane P,, given by a<o,. 

We have in 9: 


m 


G7) &(s) — Dm 

S AMy41e-(e*| cos t| )-/?, (2m S q < 2(m+ 1)), 
and, since g(0) =0, (37) allows us also to write, for s©D: 
(38) | B(s)| < AMze~(e*| cos 2) | )-¥/2. 


We now consider the integral 
(39) U(s) = if Sar wa Kies 


which converges for s real; this follows from (35) and (38). Since 
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K(x) =0 p.p. on @s(f) (CE meaning the complementary set of 
E with respect to R), we may write 


(40) V(s) = f @(s — x)K(x)dx. 
s(f) 


It follows from (38) that the integrand in (40) is, in absolute 
value, not larger than A1M4| cos t| —'/e-*/2 | K(x) |e*/?, Therefore, 
by (35), (40) converges uniformly in each compact contained 
in | | <(m/2); W(s) is a holomorphic function in | ¢| <(m/2) 
and satisfies there the inequality: 


| ¥(s)| < AM,| cos sf-vse-aes f | K(x) |e*!2dax 
& 
Ss aun (=) e®!2| cos ¢|-1/2 = Be-*/2| cost t|-1/2. 


On the other hand, if ¢€s;,,=s(f) ®s(g) [i.e. e*Eo(f) @a(g) ],° 
and if xGs(f), then o—x€s(g). In a general way, if [a, d] 
C @sy,9, then there exists a positive d such that for any € [a, b| 
andany yEsy,4, |o—y| 2d. Indeed, 6>0 being any, if |c—a—B| 
<6, c€[a, b], wEs(f), BEs(g), then necessarily a<b+5—«, 
B<b+6—a0, o9<a, oo<f. In other words, the points y of s,, 
such that there exists a € [a, b] with |s—y| <6 form a com- 
pact, from which our assertion follows. 

It can now be proved that when s€S[a, 6], where S[a, 6] is 
the square centered at [(a+b)+77]/2, with sides parallel to 
the axes, with [a, d]C@s,,,, xEs(f), then ®(s—x) is holomorphic 
(as a function of s), and there exists a positive constant A such 
that in S[a, 6]: |@(s—x)| SAe®/*. Indeed, by what we have 
just seen, there exists a d>0 such that, for every BEs(g): 
| (s—x) —£| >d; therefore @(s—x) is holomorphic in S[a, 6]; 
s—x is on the square S, obtained by translation —x of S[a, 6]. 
When s—x belongs to the square S,* concentric with S, and 
with sides equal to (6—a)+d/2, &(s—x) is holomorphic and 
satisfies, by (38), the inequality |®(s—x)| $B| cos t|—"/%e¢/2@-2 
<B,|t—1/2| e@/=, On using the same device as that used in 
the proof of lemma 2 (here |t—7/ 2| plays the same role as | y| 
in lemma 2), we arrive at the desired conclusion. It follows 
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then from (35) that, for s€S[a, b]): 


(3/2)z 
filec-ax@larsa fe | K(x) | da < o. 


The formula (40) shows then that W(s) is holomorphic in 
S[a, b]. We may therefore assert that W(s) is a holomorphic 
and uniform function in the domain )* obtained on removing 
from the plane the points o+(2k+1)mi/2, where s€ Csy,, 
= @[s(f) @s(g)]; and, it follows from (38) and (35) that, for 
tA(2k+1)7/2: 


(41) | W(s)| < Le~(e7| cos t| | pe ie 
By (37) and (35) we may write: 
If [2 —x)- 3 gene K(x)dx 


n=l 


W(s) — pS. gn) (0) e-2ns ib K(x) e?"*dx 


n=1 


(42) 


IIA 


Ai MoiM aye ™(e* | cos t| )-/2, 
(2m S q < 2(m + 1), m 2 1). 
Since g“n)(0) =0, it follows from (42) and (34) that, on setting 
d, = g)(0) f K(x)e"*dx, 
(where, we recall, 1={v,} is the sequence of positive even 
integers complementary to AU/A’ with respect to the set of all 
the positive even integers) the following inequalities hold for 


|t] <(a/2): 


W(s) — > d,e""* 


s A MyM gy 1€-® (€ | cos t|)-1/2, (Ym s q < Vmn41, Mm = Le 


Coming back to the variable z= —ie* we see that the function 
W;(z) =e*W(s) is holomorphic and uniform in the plane z, with 
the points o(f) ®o(¢) removed; and for |y| >0 the inequalities 
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m itd, 
Ng oom, 
1(z) st gatl 
S AMgiMg41| 2|-2| y|-2, om SQ < Pm4s, m = 1), 
and 


| Wi(z)| SLi yy? 


hold. (Wi(z) is regular also at the origin by (41), and the last 
inequality holds by (41)). 

Since the sequence {M,M,/} is associated (2) with the set 
E,®F2, thus, a fortiori, with o(f)@a(¢), we conclude that 
VW, (z) =0, that is to say V(s) =0. We have therefore proved that 


(43) f ®(s — x)K(x)dx = 0. 


Consider now the function e“(x), with 3/2 <A <1, x real. We 
have, by (38) and (37): 


| o=B(x)| < Cye-2/02, 
| e-B(x) — gO(O)e“2 | < AyM ie Ot, 


where / is the smallest positive even integer not a \j,(721). Since 
1=2, we see that e’@(x) CL; we know also that e“K(x) EL. In 
copying now the proof of lemma 7, we find then, as a conse- 
quence of (43) (since K(x) #40 (p.p.)) that ®(x)=0; therefore 
G(x) =0, that is to say g=0. This proves our theorem. 

Of course, theorem 8 can be generalized to N22 classes of 
functions L?(m, A, E). By []isnsv®@Ev=Li@E2.® --- @En 
we understand the composite product of the sets fi, ---, En, 
where £:@F,--- @Evy=(£1® -- - @Ey-1) @En (this product 
is commutative and associative) [9]. 

THEOREM 9. Let M0 (j=1, - --, WN) be N sequences of positive 
numbers, log M,@(1SjS.N) being a convex function of n. Let 
A@(1S7SN) be N increasing sequences of even positive numbers, 
and let X be the sequence complementary to Uisjsn A with respect 
to the sequence of all even positive integers. Let Ei(1SjSWN) be 
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closed symmetric sets on R, none of them containing the origin (the 
point 0). 

If the sequence {Llisisx M,®} ts associated (2) with the set 

isjen @E; and the sequence MN, then the only even function con- 
tained in one of the classes. L?(M, A®, E;)\(1Sj7SN) ts the 
function identically zero. 

The proof of this theorem is based on theorem 8 in the same 
manner as the proof of theorem 7 is based on theorem 6. 

5. Let us give now some applications of the established com- 
position theorems. We shall denote by L™(9N)(M = {M,}) the 
class of infinitely differentiable functions on R, with f™ 
EL?(nz0), ||f||>S Ma(m2 1). 

THEOREM 10. Let log M,, be a convex function of n such that 


=e) = 


If f 1s an even function belonging to L‘*)(M), and if there exists 
a real constant a such that f(0) =f(a) =0, f@” (0) f(a) =0 (n=1), 
then f is periodic with period 4a. 

Let A be the set of positive even numbers such that f%»)(0) 
=0 (n21,\,€A), and let A’ be the sequence complementary 
to A with respect to the set of all the even positive integers. 
Then f*(a)=0 (n2=1, EA’). We have obviously: f(x) 
EL~(m, A), (1/2) [f(x+a)+f(—x+a) ]EL~(m, A’). Therefore, 
by theorem 4, either f=0, and the theorem is proved; or 
f(x+a)+f(—x-+a)=0, that is to say, f(x+2a) =f[(x+a)+a] 
= —f[(—x—-a)+a]= —f(—x) = —f(x) =f(x—2a). If in the state- 
ment of this theorem, L®) is replaced by L®), then the con- 
clusion is obviously f=0. Since, we conclude, as before, that f is 
periodic, thus identically zero. All the other composition theo- 
rems on classes L*(I, A, E) lead to similar theorems. For in- 
stance, theorem 5 leads to: 

THEOREM 11. Let N be a positive integer, let log Mn be a convex 
function of n, and let 
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If f is an even function belonging to L‘)(S) and if there exist N 
real constants ax, (1SkSWN) such that 

f(a) = fla) = --- = flav) = [I fe(a) =0, (mw 21), 

1sksN 

then f(x) is periodic and admits as a period one of the quantities 
4a, (1SkSN). Again, if L™ is replaced by L® the conclusion 
is that f=0. 

We have only to apply theorem 5 to the functions 


fle + @) + f(—% +4;) 


di(x) = 3 


(isksW). 
Under a different form this theorem can be found in [9]. 

The most interesting theorem of this kind seems to be the 
following one. 

THEOREM 12. Let SW be a sequence of positive numbers, log My 
being a convex function of n; let A and A’ be two sequences of even 
positive integers, and let I be the sequence of even positive integers 
complementary to AUA’ with respect to the set of all the even posi- 
tive integers. Let E be a closed set on R. 

If f 1s an even function belonging to L® (MM), tf o(f) CE, af for 
two real numbers a, and dz we have f(a1) =f%™ (a1) =0 (AnGA), 
F(a2z) =f (a2) =0 (Ad EA’), and if sm2(o?={ M,?}) is associ- 
ated (2) with E?(H?=E@E) and XN, then f 1s tdentically zero. 

On considering again the functions ¢.=(1/2)[f(x+ax) 
+f(—x+az)] (k=1, 2) and on noticing that o(¢:) =a(f), it is 
sufficient to apply theorem 8, with L*(9m, A, £) and L?(mmt, A’, £) 
to have our result (we have of course to continue the proof on 
the same lines as that of theorem 10). Theorem 9 leads to a 
similar result where the derivatives of f in NV points are involved. 

6. Let us now give some deeper applications of composition 
theorems, already proved in [1]. We need first the following 
lemma [1 ]. 

Lemma 14. Let A be an infinite sequence of positive increasing 
integers, and let MN be the complementary set of A with respect to 
the set of all the positive integers. 

There exists an infinitely differentiable, bounded function, f, on 
[0, ~) satisfying the conditions: 
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(0) = f“(0) = Ou, € N), f(x) A 9, 
| f(x) | SAade- ++ Any (n = 1)(n € A). 

We may suppose that 9 contains at least one term, since 
otherwise, the existence of f is obvious. Let uz.€@ 9 be such that 
ve +1€A and let An=pe+1. 

Let a(z) (g=x-+7y) realize the conformal mapping of the 
domain D, defined by removing from the complex plane the 
ray xS—1,on | a| <1, with a(0) =0,!° and let us set foru>—1, 
t>—1: 

w3(z; u, t) = «M)(u)(1 + u)"*a[(1 + dz + 2], 
wo(z; u, t) = wi(z; u, 1) — wilz; t, u). 
We have 
O*kwo(z; u, t) 


Ogtk 


z=0 


for every u>—1,¢>-—1. And there exists a couple u=m, t=h 
such that 


O*F+1q9(25 1, 1) 


Oghett #0, 


z=0 


since, otherwise, we would have identically a@ (u) =C(1+4)2, 
where a and C are constants, which is impossible. 
With a suitable choice of the positive constant C, the function 


w(z) = Cwo(sz; u1, tr) 


is holomorphic in D, it satisfies there the inequality | w(z)| 1, 
and 


w(0) = w#(0) = 0, weet) (0) 0. 


Let us now set F(s) =w(e*). F(s) is holomorphic and bounded 
in the domain A, given by the union of the half-plane ¢ <0 and 
the strip |¢| <7. Let us also set 


Mr) = II € + =) = Dt 


nzl,nsk Ma 


She 
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We shall prove that the expression 


(44) o(2) = DO (—1)",Fe(), 


e° =x, represents an infinitely differentiable function on [0, «), 
and that the function f, we are looking for, is given by ¢(ax), 
where a is a suitably chosen constant. We have to evaluate, on 
one hand, the constants J, by means of the sequence A, and, 
on the other hand, F@”)(c¢) on ER. (44) will give the values of 
$(x) for «>0. For «=0, it will be defined by continuity. 

On setting 


are 
Q(r) =-1(1+5), 


we have 
=i 
+] 


M(r) = | sin ixr| I(1 + =o] 


re 
log M(r) S ar — log (: + 5) — log Q(r) — log (xr). 
Hk 


And, since 


es 2 ° N(x) dx 
log Q(r) = Do log (1+ 3) = za, ee 


wet x w+, 


t N(x) re 
= if eae Sal Ni(r), 


where N(x) is the number of \, smaller than x, and 1, S$ M(r)r-™" 
for every r>0, we may write: 


log 1, S ar — 3 log (xr) — Ni(r) — 2n logr + A, 
where A is a constant. If we set in this inequality rr = 2n, we get 
0 < ls <= Ax(me)?"(2n)—2" 8-1 Gai) 


2n 


(2n)! 


e-NiGni«) (n = 13 


(45) < An? 
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As to the evaluation of F")(¢), and its derivatives, with re- 
spect to x(x =e’), we proceed in the following way. For 0Sy<z, 
and o; real, any, we have for |s—oi| <vy the inequality (by 
Cauchy’s theorem): 


n!} 
Ett is 


(this is true on | s—o;| =v, therefore also inside this circle). 
For 6 S$ —7, we may write: 


(46) | F™(s)| s 


(47) Jr) | 3%. 


There exists a 6=6(o0)>0, such that, for every 0<y<z, 
and every 01200, the inequalities | | <x; | es —e| dy imply 
|s—oi| <y. On setting, therefore, x:=e"2e” (we have set 
z=e'), we see that, if |z—x:| Séy, we have, for |t| <a: |s—o;| 
Sy. In this circle F™(s) is a holomorphic function of z; we 
shall denote this function by wa(z). On |z—x,| Sdy, we have 
therefore, by (46): 
| w.(z)| S Sk. ie? 
(<4 


Sea 
On setting 
m3 apf ) a? i. 
Dore ee eee 
dx} dx} 


we may write, for o1200, 5=68(a»): 


n p! Wn(z)dz pin! 
(48) | D;F(:)| < — eS oe 
| Es | 2 | easmedt re eet (6y)?(4 —=)® 


Since 2Wn_1'(z) =Wa(z) (n2=1), with wo(z) =w(z), wa(z) is holo- 
morphic in |z| <1. If o’<—z, we have, by (47), for || =e: 


d?w,,(z) 
(as), [7a 


us 


Il 


DS F(s) | * p! Wn($) dg 


p hs deere arene = 
2a J jp—s\me——" (§ — 2)PH 


pln! 


~ (er — er")? 
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This inequality holds also for |z| Se”, that is to say, for 
o So’. If we set in (48) y=pr(n+p)—, (n=1, p21), we get, 
for 1200: 


ce In! nt 
Bao ay |e ee ee ea pd pie 


HTTP hPyNGP 
From (49), written for oSo’, and (50), written for 0100, 
and choosing o9<o’, we get, for every real c: 


(51) | DF (c)| < Bx “n! max (n’, 9”), 


where B is a constant. Coming back now to the definition of ¢ 
(see (44)), we may write, at least, for x>0: 
(p) = n (2n 
(2) = Do) (-1)"nD, Fo), (p = 0). 
n=0 
These series converge for every p, uniformly for c>— «©. We 
see, indeed, by (45) and (51) that, for p21: 


(2n) 


|o?)| s Da| DS” FO)| 
(52) = i 
< A,B? D> [(2n)? + p?]n-S/2e-M1 nlx) 4. Cpl, 


n=1 
The expression C?p! arises from the evaluation of 
d°F(c) d?w(x) 
d(e*)? dx? 


? 


(x = 0)(| w(z)| <1 for z€D). We have also, by (46) with y=0: 
(53) | b(x)| S Ar Dy m-Bl2e-Ni@eni=) 4 4, 
2 


Since the sequence A has infinitely many terms limz.. N(x) = ©; 
therefore: 


nN 1 
Ni(r) > f We dx = — N(r*!?) log r, 
72 24 iz 
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and lim,e. Ni(r)(log r)~!= ©. In other words, for every p20, 


we have 
nPe-Ni(2n/x) — o(1). 


The right hand expressions in (52) and (53) converge there- 
fore, and we have 


| p(x) | s KRe} max [(=yemern | y 513 -}- cpt ; 
221 T n=l 
(p 2 0), 


where K, R, G are finite positive constants. 
On setting 


Nilo) = Wile) = J “N(e)du, 
the last inequality permits us to write: 
[40G)| sat exp { max [pe — wate] + 2], 
where JM is a constant. Since the \, are integers, N(A) SX, that 


is to say, N2(o) Se’. Therefore: maxez0 [po —N2(c)]Zlog p! 
+£p, (8 constant), and hence 


| #(2)|_ = Wr exp {max [po — wa(0)]} 
720 


But N(e“) is the number of quantities log A,<wu, hence, if 
A, is the largest A, smaller than oc: 


Bee [po — Na(c)] = ps E oe J N (eau | 
= max { p[log As + (log As — log As) + + + + + (log Ag — log Xe-1)] 


+ p(o — log d,) — [(log Ax — log Ax) + 2(log As — log As) + ++ 
+ (q — 1)(log Aq — log Xg-1) + g(¢ — log A,)]}. 


The expression of which we take the maximum increases when 
gp, and decreases when g=p. Thus: 


—S ee See oe 
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a [po — No(c)] = log Ay + log A2 + +--+ logdAs;. 


We have therefore proved that 
| (x) | S Nerina ++ + dp, (p 2 1). 
Let us now prove that $(0) =¢“»)(0) =0, (n2=1). Let us set, 
for |z| <1: w(z) = oe Gnz", and let F,(s) = >| an] e"*. For 
og <o2< —7, we have | Po (s)| SAn!7~, where A is a constant. 
Hence, for ¢ <o2: 


(2n) 


0<Fi (c) = < | ap| per < A 


p=1 


(2n)! ' 


From (45) it follows then that the double series 


DF (oc) = Ldn DO | ap| peers 
p=1 


n=0 n=0 


converges for <a. Thus, for 0Sx<e”, we may write: 


(x) = Dy (—1)"n Di appre” = D/ ager” D) (—1)"lnp™ 
n= p=1 p=l 


n=0 


o 


= >) ay,M(ip)er? = >) apM (ip) 2”, 
p=1 


p=1 


(with $(0) being defined as being equal to zero, by continuity). 
But a,,=w» (0) (ux!)-!=0, and M(ipn) =0, for nk, thus 


¢o(x) = De ay, (idn) 0. 
n=l 


Since 
Ory, = 0")(0) Xml)? = WHO) [Gun + 1), 
with wt) (0) #0, we see that $(x) is not identically zero. The 


function f(x) =(x/N) satisfies all the desired conditions and 
our lemma is proved. 


Lemma 15. Jf A is an infinite sequence of even positive integers, 


48 The Rice Institute Pamphlet 


and if I is the complementary set of A with respect to all the posi- 
tive integers, there exists an even infinitely differentiable, bounded 
function f, on R, satisfying on R the conditions 


f(0) = f)(0) = 0, (Un = NR), f = 0, 
| f(a) | S Adee ++ Aa (WZ 1)An E A). 


This follows immediately from lemma 14. It is sufficient to 
continue by symmetry on (— ~, 0] the function f of lemma 14. 
Theorem 4 together with lemma 15 leads immediately to the 
following theorem (see [1]). 
THEOREM 13. Let A be a sequence of even positive integers, and 
let log M, be a convex function of n, (M,>0, n21). If 
Mego h 


— = 0 


M. n+1 An 


the only even function belonging to L*(OM, A) is the function 
identically zero. 

From this theorem follows: 

THEOREM 14. If the sequence of even positive integers A is such 
that 


(54) D—=2, 
An 
the only even, bonded, infinitely differentiable function on R with 
[#(x)| S14, (n = 1) 
FO) = f%™(0) = 0, (An € A), 


1s the function f=0. 

The condition (54) is not only sufficient for the conclusion of 
theorem 14, but also necessary. The following theorem holds, 
indeed: 

THEOREM 15. If the sequence of positive integers A is such that 


1 
5 a ree) 
(55) Epis , 


then there exists an infinitely differentiable function f(x) on R (not 
identically zero), with 
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f(0) = f(0) = 0 A, E A), f™(0) 4 O form E A. 
[4™(a)| S1(n=0). 


For the proof of this theorem, we send the reader to our book, 
mentioned above [1 ]. 

THEOREM 16. If the sequence A is composed of even integers, 
and wf (55) holds, then there exists an even, infinitely differentiable 
function (not 1dentically zero) with 


(0) = f(0) = 0, (An E A), f2?(0) 0, (26 E A, p ¥ 0), 
If'@| S1. 


Theorem 16 follows immediately from theorem 15; the func- 
tion [f(«)-+f(—x) ]/2, where f satisfies the conditions (56), with 
An even, satisfies the conditions of theorem 16. 

7. The essential hypothesis in many of the proved theorems 
was the fact that “a sequence SW was associated with a closed 
set E and a sequence of integers A.” This hypothesis was ex- 
pressed on page 6. Our purpose now is to express explicitly, by 
an analytic relationship, such an association between the ele- 
ments IN, £ and A. If E=R, relationships of the form (9), fur- 
nish a solution of the problem. In order to havea general expres- 
sion, especially when A is not the set of all the positive integers, 
one has to apply the adherence theorem, that is to say, theorem 
1. The next theorem gives general conditions for an association 
of the desired kind, even if they are far from the best possible 
conditions. 

THEOREM 17. Let I be a sequence of positive numbers, E a 
closed, symmetric set on R, and A a sequence of positive integers. 

The sequence IM is associated (p) (p21 any) with E and A, tf 
the following conditions are satisfied: 

D'(d) being the upper density function of A, and D’ the upper 
density of this sequence: D'<1/2, and there exists a continuous 
function V(x)21/2, of bounded variation on [0, ©), such that 
V(x) =1/2 for xCE, and such that, on setting 


C(c) = Sup (no — log M,), 
n2=1 


I 


(56) 


the relationship 
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(57) fic exp |- ~S vec do = 


is satisfied [10]. 

Let ®(z) be a function holomorphic in Ag (see page 5 for the 
definition of Az), and let it satisfy there the inequalities (5). 
Let 0<a<1, small enough, and let us apply to the set E, 
lemma 2. (As a matter of fact, we suppose that E¥R, and that 
a is small enough in order that CZ, not be empty. If we have 
E=R the proof becomes only simpler, and many of the details 
which follow are superfluous.) Let us denote by II, the part of 
the z-plane composed of all the points not belonging to the fol- 
lowing three sets: 1°) the union of squares with centers at &, 
ECE, 2a, and sides of length 2a, parallel to the axes; 2°) the 
set symmetric to the set defined in 1°); 3°) the set of points z 
with | x| <2a, y>—a. In Iq, ®(z) is holomorphic and satisfies, 
by lemma 2, the inequalities 


"dy |. SAMess 


Bz) — 


mt DH] g| g [ett 


, (An Sag (<Any oe 10g 
58 
(58) a 
| &(2)| <:—- 

a 


Let P.* be the domain in the s-plane (s=o-+#), obtained 
by the transformation z= —ie*, from II, with ¢=0 correspond- 
ing to x=0, y<0. If CE is composed of infinitely many in- 
tervals I; corresponding to x>0 (and —J; corresponding to 
x<0) with left extremities a;, log (a;+a)—log aj~aa;-}, 
(j-«). This, together with the fact that V(x) is of bounded 
variation, shows that there exists a function Va(o) (¢ log 2a), of 
bounded variation, such that the domain A* defined by |¢| 
<mV.(c) is a subdomain of P,*, and such that 


(59) f | V(e") — Va(u) | du < 0, 


Let us now set F(s) =®(—de*). In A+, F(s) is holomorphic, 
and satisfies there the inequalities 


oi, 


a6 me tee emer 
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™ 


F(s) — >> Petid,e- Ante 


k=l 
< 5AM 41071, (Am oS q < Am+1s m Pa 1), 
| F(s)| < 5Aa7. 


On the other hand, it follows from (59) that, if in (57), V(e*) is 
replaced by V,(u) the integral still diverges. We may now apply 
theorem 1 (the adherence theorem), in exactly the same way 
we did to prove theorem 3, in order to get the desired result. 
In other words, we apply theorem 1, for each given a, on choos- 
ing the circle C(so, tR)=C(oo, tR) as far to the left as com- 
patible with the choice of a. We obtain, by theorem 1, an in- 
equality for | dn| ; this inequality being such that, when a tends 
to zero, it shows that d, =0, (n21). A simple use of the solution 
of Watson’s problem, mentioned many times, proves then that 
F(s)=0, that is to say, ®(z) =0, which proves the theorem. Of 
course in the statement of theorem 16, D(A) and D’ may be re- 
placed by D'(A), D’. 

If E=R, the statement of theorem 17 becomes very simple, 
since then V(x)=1/2. But, in the general case, we would be 
interested to take V(x) for x€CE as large as possible, since a 
greater magnitude of V(x) increases the integrand in (57). But 
the fact that we require, in the statement, V to be of bounded 
variation, and equal to 1/2 for xCE#, limits very much its 
magnitude. Thus it seems important to give weaker conditions 
on the regularity of V. We mention that the condition of 
bounded variation can be replaced, in theorem 1, and hence in 
theorem 17, for instance, by the following one: V has a continu- 
ous derivative V’, such that x V’(x) is of bounded variation, and 
such that x[V‘(«)]?@Z on [0, ©). Lemma M, in [2] can be ° 
applied to prove such an improvement of theorem 1, and conse- 
quently of theorem 17. See [10]. 

In [2] we have established conditions in order that the func- 
tion M(r)=inf, M,/r* be associated with a set E, or, what 
amounts to the same thing, in order that 9M be associated with 
E (i.e., with E and A=void). 
When the set E is specialized, much better conditions can be 
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established. Let us mention the following interesting theorem, 
which is a corollary of a theorem of J. P. Kahane [14]. J£ ACE 
we shall denote by u(A; a) the measure of AM (0, c]. 

TuEoreM 18. If E is a closed symmetric set on R, if, on denoting 
by & the set of the quantities o such that e’ CE, the set C& 1s a union 
of segments of length T, and tf, on setting 


(60) C(c) = sup (no — log M,), 
we have 
0 2 2/3 
f C(c) exp | - u(&;0) — 2(—) T—-/5u (CE; o) |e = 0, 
ry 


then IN is associated with E. 

In particular: 

THEOREM 19. If & is a union of segments of infinitely increasing 
length (E being symmetric), and if, for an e>0: 


fC) exp [— u(6s 0) — cules; )] de = ©, 


then M is associated with E. 

For instance, if E=Unz1 + [K, K2*+1], (K>1), the factor of 
C(o) in the integrand, in the statement of theorem 18, is 
e-A2t+a*, with ex=O[(log K)—1/8]. It follows from a result of 
Katznelson [12] that here ex can be taken of the order of mag- 
nitude O(K— log K). 

8. We shall now give some new composition theorems estab- 
lished by Malliavin [13]. For the proof of these theorems we 
send the reader to the original paper, the methods used there 
being different from those we have used until now in this 
Pamphlet. We shall denote by W(t, K(r)), K(r) being a posi- 
tive function, the class of functions F(z), holomorphic for x>0, 
a Sear there the inequalities: | F (z)| S Mye**, n= [x], 
r=|z!. 

THEOREM 20. Let WM, IW’ be two sequences of positive numbers, 
and let Ky(r) and K2(r) be two positive functions. If, on setting 


a 
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K*(r) = inf [Ki(u) + K2(u)]; C*(e) = sup (no — log MM), 


the relationship 
= d 
di C*(K*(7) — a) = », 
r 


holds for every a>0, then one of the classes W(M, Ki(r)), Wow’, 
K2(r)) contains only the function identically zero. 
In particular, the conclusion holds, if 
lim inf [Ki(r) + K2(r) — log r] > — ~, 


and 
if C*(c)e"da = &, 


The last condition is equivalent to 
M,M, 


if log M, and log M,/ are convex functions of [1]. This theo- 
rem is an immediate consequence of the following theorem [13]. 

THEOREM 21. Let K(r) be a positive function, and let us set 
K.(r) =inf,24 K(u). If, with C(o) defined as in (60), 


oct. 0] <- = 


for every a>0, then, W(M, K(r)) contains only the function identi- 
cally zero. 

The proof of this theorem will not be given here. In spite of 
the fact that theorem 20 is only a transcription of theorem 21 
for a product of two functions, its interest lies in the following 
“equivalence theorem,” [13]. A being a sequence of positive 
numbers, we shall set: 


Ne es (r > 0). 


An<r An 
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THEOREM 22. Let I be a sequence of positive numbers, and A a 
sequence of positive integers. The two statements 1°) L=(o1, A) 
contains no other odd infinitely differentiable function than the 
function identically zero; 2°) W(I, A) contains no other function 
than the function identically zero, are equivalent. 

Theorem 20 may then be translated in the following way: 

THEOREM 23. Let A and A’ be two sequences of positive odd 
integers, and let 


No Sees Miva bbe OA, & A, i eae 


An<r An Ay’<r An 
Let mm, MM’ be two sequences of positive numbers. If, on setting 


C*(c) = Sup (no — log M,M,), A*(r) = A(u) +A‘(w), 
n21 
the relationship 
= dr 
(61) f C*(A*(r) — a) ne 
r 


holds for every a>O, then one of the two classes L*(M, A), 
L*(9v’, A’) contains no other odd functions than the function identi- 
cally zero. 

On using the same device as in the proof of theorem 10, we 
may state the following theorem: 

THEOREM 24. Let WM be a set of positive numbers, and A and A’ 
be two sequences of odd positive integers; let ay and az be two real 
numbers, and suppose that the infinitely differentiable function f 
satisfies the conditions f% (a,) =0 (An€A), f'n (a2) =0, (An GA’), 
f(a) =f(a2) =0. If the condition (61) is satisfied, then f ts a peri- 
odic function, the period being one of the numbers 4a, 4d. 

As Malliavin has pointed out (orally), in this theorem one 
does not have to suppose that the sequences A, A’ are without 
common term. One sees easily how to generalize theorem 24 to 


N constants a, a2, +++, ay and WN sequences of odd positive 
numbers Aj, As, -- +, Ay. 


ee Al nce a a 


no Se et 


CHAPTER III 
EQUIVALENT PROBLEMS 


1. Our next purpose is to show the equivalence between some 
problems related to the problem of “associating a sequence with 
a set,” as defined above. Some of these problems were already 
treated in my previous Rice Institute Pamphlet [2], but we 
shall give here results which may be considered as reciprocal to 
those established in that monograph. 

We introduce the following notations. 9% being a sequence of 
positive numbers, ECR a closed set, and a>0, we denote by 
Rs { aa ai a} a relationship between 9, E and a, which implies 
that for every infinitely differentiable function f on R, with 
fEL(M), [L(M) =L(90)], o(f) CE.=User [x—a, x+a], the 
relationship holds: r(f) =6(f),!8 where 7(f) is the set spanned (in 
the topology of L) by finite linear combinations of the form 
arf(x+&) +aef(a+é&) + -- - +ayf(«+éy), and where 6(f) is the 
set spanned by finite linear combinations of the form Odof(x) 
+bif! (x) + + + + Oxf (x). 

We denote by Ror { Me; yee a} a relationship between IN, E 
and a, which implies that, if f is infinitely differentiable, with 
fEL(M), if gL, and if on denoting by Q(g) the set on which 
the Fourier transform of g is zero, we have o(f)MQ(g) CEa, then 
7(f) Cér(f, g), 67(f, g) being the set spanned, in L, by the linear 
combinations of the form aof(x)+aif’(x)+ -- + t+anf% (x) 
+Cig(a+é&) + +--+ +Cpg(x+ép). The results in [2] show that 
the properties ®s, ®s, furnish interesting results on the approxi- 
mation of continuous functions on a set EL, by weighted poly- 
nomials. 

We denote by Ru{ SSE: a} a relationship between 91, EZ and 
a, which implies that 91 is associated (©) with £,; that is to 
say, that each ®(z), holomorphic and uniform outside of Ea, 
and satisfying there the inequalities | B(z)zry| <M,(n=0) is 
identically zero. 

It is clear that a property ®s, is a property ®,. But it is inter- 
esting, and important for applications, to notice that the re- 
ciprocal is (with some restrictions) also true. We are, indeed, in 
a position to prove the following theorem [14]. 


55 
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THEOREM 25. If E contains the origin, each property Rs{ MW; E; a} 
is a property Rs, { M1; E, a’ } for every a’ with 0<a’ <a. 

This theorem is equivalent, by the Banach-Riesz theorem, to 
the following theorem: 

THEOREM 26. Jf OG E, fEL(M), if hEL*, if gEL, a the 
functions f™(—x)(n=0) are orthogonal to h(x), if gxh=O0, of 
[o(f) \Q(g)]CEa and if ®s{9; E; a} is satisfied, then also 
feh=0.44 

We now prove this theorem. 

Let the function (x) be defined in the following fashion: 


(62) pa) =feh= f fle—whudn, 90) = 2") = 0. 


We have for n=22?: 
(63) p(x) = for + h. 


From the orthogonality of f™(—<x) to h(x), for every n20, and 
from p(0) = p’(0) =0 it follows that 


(64) p™(0) = 0, (n = 0). 
It follows also form (63) that 
(65) | p(x) | < M,,-3|| hl| = AMes, (n > 2), 


where A is a constant. 

If lim infn.. M,1/"< ©, then p’’(x) =0 (see [1] for the theorem 
of quasi-analyticity), and our theorem is proved. If lim M,1/" 
=o, we may then replace Mn, in (65), by: 


(66) | p(x) | < ABM», (n = 2), 


where {log M*,} is the convex regularized sequence of {log M,} 
(see the theorem of Gorny in [1]), and where B is a constant. 
Let us set a(x) =(sin® x)x-8, and, ¢ being a positive constant, 
bc(x) = p(x)a(cx), 
V(x) = $-(x) — da’ (x). 
Let A.(u) be the Fourier transform of a(cx). One sees im- 
mediately that the support of A,(u) is the interval [—6c, 6c], 


(67) 
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and that A.(u) has 4 continuous derivatives; therefore: 


1 6c 
(—1)?c"a™ (cx) a? = ore [A.(u)un] edu, (OS pS 4), 
T 


—6e 
which shows that, for ¢ sufficiently small (6c <1): 
c*|a™(cx)| |x|? < M.(6c)", (Sp S 4), 
where &, is a constant.” Since, from (65), it follows also that 
p(x) =0(x?), p’(x) =0(x), (|x|), and, since there exists a 
constant K>0 such that M*,.<KM*,, (n=2), we see that, if c 


is sufficiently small, then on setting &(x) = My.(x), where Misa 
suitably chosen constant, we may write 


(68) EMEL, (w20), = |[EM|l1 S Ma S Ms. 
We have also: 
(69) E(x) * e!7| = M¢.(x), 


since the Fourier transform of £(x)*e~!#! is (1-+u?)—1R(u), where 
R(u) is the Fourier transform of &, and R(u) =(1+u?)Q(u), 
where Q(u) is the Fourier transform of M@,(x); in other words, 
we may write, by (69): 


(70) oo i ip ey ay 0. Goo 


We shall now prove that, if ¢ is sufficiently small, then o(€) Ca. 
From p’’=f+h and g*xh=0 it follows that g+p’’=0. From the 
theorems proved in [2] it follows then that o(p”) Ca(f)NQ(g). 

Let (P+, P-) be the Fourier-Carleman transform of p, that is 


to say: 
1 0 
Pz) = = f u)e—™7du, foe 0; 
(2) Lips se ) 
Pe ee Ca y <0 
= — U é WZ , . 
(2) aes 


These two functions are holomorphic in the corresponding half- 
planes, since p(x) =O(x’). 
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Since p(0) = p’(0) =0, we get by two integrations by parts of 
both integrals: 


cao 1 0 . 
V/2xPt(z) = — ae if Pp (uje-™*du, y > 0, 
2 —co 


a 1 . 
V2aP-(2) = — f p" (u)e-du, y <0. 
2 0 


Hence, P+ can be continued analytically into P~ across any 
interval not containing points of o(p’’), except, perhaps, across 
an interval containing the origin. We have for y>0: 


J/Ia[Pt(e + iy) — P-(x — iy)] = — a p(u)e-vMle~tedas, 


and 


[ee + iy) — P-(x — iy)|A.(t — x)dx 


—b6e 


a if p(uje4lla(cu)e~™*du. 


If a’ <a’+6c <a” <a, and if #€ CE,, then the integrand tends to 


zero with y, uniformly with respect to y. Therefore, in such an 
interval 


if p(u)a(cu)e““*du = 0; 


and since 0€E, we see that, o(¢.) CE. for c>0 sufficiently 
small. If we consider the Fourier-Carleman transform of ¢, and 
integrate twice by parts the expressions furnishing the functions 
of this transform, we see (again on taking in account the fact 
that ¢.(0) =¢,’(0) =0, and that OG E) that o(”.) CE,. Hence, 
o(&) CE,, if ¢ is sufficiently small. 

Since we suppose that Rs{ M0; E, a} is satisfied we see from 
the properties of & [(68), (70) and o(£) CE,] that &(x)*e-I2! =0, 
that is to say, that ¢.=0; therefore also p=0, hence fx =0, and 
the theorem is proved. 


2. If fEL, PEL, then also f*pEL; since, on the other hand, 
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every function ® continuous on R with limyyj-.. (uv) =0 is a 
uniform limit of the Fourier transforms of functions belonging 
to L, we see immediately that, if Fis the Fourier transform of a 
function fEL{ mm} with F(u)=0, for wE&CE,, the property 
Rs{ MN; E; a} implies that to every e>0 corresponds a poly- 
nomial P(u) such that |&(u) —P(u)| | F(u)| <e, (see, for in- 
stance [2]). But theorem 25 shows that the property ®; {M;E;a’} 
with a’<a implies already such a weighted approximation, 
without being obliged to suppose F(u) =0 on E,. Indeed, such an 
approximation is possible, as it is again proved in [2] if the 
property ®,{9; E; a} is satisfied. This remark shows even 
more the interesting aspects of the following theorem: 

THEOREM 26. If E contains the origin, each property &; { cee ci a} 
is a property Ru{M; E; a’} for each a’ with 0 <a’ <a. 

The converse of this theorem was already proved in [2] (with 
of course, a and a’ interchanged). 

Let ® be a holomorphic and uniform function in Az,, (i.e. 
outside of E,-), and let us set 


o+iy 
(71) ow) = f B(z)e*dz, (y>0). 

—cofiy 
If the property Rs{ Bi fe a} is satisfied, this integral has a 
meaning, and by Cauchy’s theorem, we see that it is independ- 
ent of y(y>0). ¢:(w) is infinitely differentiable and we have, for 

n=0: 
(n) n etiy n tue 
di (u) =7% f B(z)ze dz, 


—ofiy 


with 


(n) ay cof+iy 
(6) | Se ef: | a(2) || 2[rde 


co-fiy 


d 
eM ny oy? f oo : 
| «+ iy|? 


For u>0, ¢:(u) =0. Thus: 


IIA 


dy (0) = 0, (n = 0). 
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For uS0, we get, on setting y= —u7?: 
dx 


x iu- |? 


(n) 


(72) a"w| seMtaral al f 5 = AMns| | 


(n 2 0), 


where A is a constant. (These first lines of the proof are similar 
to those of Ostrowski’s proof for the equivalence of Watson’s 
problem and the problem of quasi-analyticity [3]). 

The same integral (71), taken for y<0, defines a function 
¢2(u), infinitely differentiable on R with ¢2(0)=0(m20), 
¢2(u) =0 for u SO, and satisfying for ~=0 the inequalities (72). 
Thus, the function ¢, equal to ¢; for uS$0, and equal to ¢2 for 
u=0, has the following properties: ¢ is infinitely differentiable 
on R, ¢™(0) =0 (x20), and, on R: 


| (a) | < AMany2| u|?, (n = 0). 


By methods very similar to those used in the proof of theorem 
26, we see that, for c>0 sufficiently small, the function 


ge(2t) = a(cr) J "diy f we if Rae, f  e(at 


satisfies the following conditions: 


g. (0) = O(n = 0), ge E L(n= 0); 


lle lls S kM,_2(n = 2), o(g.) C Ean 


where a’ <a” <a, k constant. Let us set (x) = M[g.(x) — ge’ (x) ] 
Again, as in the proof of theorem 26, we see that Mg, =y-.*e7!#!, 
that y.(—x) is orthogonal to e—!#!, and that, if M is chosen 
sufficiently small, then lly [1 <M,, (n=0). Since ®{ 9: E; a} 
is satisfied, we get g,=-*e~!*!=0. Which proves that ¢=0, that 
is to say, ®=0; and this proves the theorem. 

3. The sequence M and the set ECR given, it is not necessary 
to consider a-coverings of E, if we wish to establish a one sided 
relationship between the class of functions ®, holomorphic out- 
side of E, and such that | b(z)z7y| SM,(n21), and the class of 
infinitely differentiable functions f with fEL(s), o(f) CE. 
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In [2] the following facts are proved: 

1°) 5(f)Cr(f) for every fEL?(I). The proof of this state- 
ment is immediate. 

2°) If WM is associated (©) with E, that is to say, if the only 
function holomorphic outside of E, and satisfying the inequal- 
ities | B(z)z"y| < M,(n21), is the function identically zero, then 
(f) Cé(f) [hence 6(f) =7(f)], for each function f with fEL(an), 
o(f) CE. 

But, we were obliged to consider a-coverings in order to 
establish a “converse” of the fact 2°), that is to say theorem 25. 
As we have seen in [2], the statement 2°) leads to the following 
one: 
3°) If M is associated (©) with £, and if F is the Fourier 
transform of a function f, with fEL(M), o(f) CE, then to each 
function V, continuous on R with lim Y(u)=0 (| u| —o), and 
each e>0, corresponds a polynomial P such that | Yu) —P(u)| 
| F(u)| <e (on page 59 we have mentioned such a statement, 
where a covering of £ is involved). 

But it is interesting to notice that 3°) also admits a converse, 
provided a-coverings of E are introduced. Such theorems are 
established in [15]. The full treatment of the problem of 
equivalence between the problems “SW associated with EL,” 
“r(f) =8(f),” “{ F(x)x"} complete on R” will be given in another 
monograph. 
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NOTES 


. Achannel of diameter 2K is the union of circles C(s, K), the centers s of 


these circles running over a simple Jordan arc J. We say that F can be © 


continued analytically from A to C(so, +R) through a channel of diameter 
greater than 27D -if there exists a channel of diameter 2K >2xD’, - the 
end-points of J being so, s: with C(s:, +R) C A, and if there exists a 
function holomorphic in the union of C(so, +R), the channel and A. 


. p may be equal to +. 
. The symbol /, without indiction of bounds, means that the integral is ex- 


tended over R(f=f*_«). 


. Q being a set, 0 demotes its closure. 
. The definition of L?(M, A) (as that of L7(M, A), in general) implies, among 


other conditions, that, if 6 Z?(M, A), then ¢(0) =0. But, in the proof 
of theorem 7, we do not use this fact. In other words, here, for ¢ we 
have to suppose only that ¢¢”(0)=0, (An©@A); and, of course, that 
eMEL*(n=0), ||6||2SMa(n21, {M,} =M). 


. This case of Watson’s problem is near to the classical case, due to the con- 


vergence of the integral in (21), and it was treated already in [6]. 


. The device we are using here was already used in [7]. 
. It is possible to establish a certain duality principle by using the Mellin 


transform in order to make correspond to each function ®(z) having an 
asymptotic representation in the half-plane y>0, a function ¢, in- 
finitely differentiable on [0, ©), and having bounded derivatives. The 
orders of the derivatives vanishing at the origin are the exponents of 
the asymptotic series. 


. A and B being two sets of numbers, A ®B denotes the set of the numbers of 


the form a+ 8, where a is any number belonging to A, and 8 any number 
belonging to B. 


We may take for a, for instance, the function 
1 
a(z) = a [(e + 1)¥2 — 1}, 


with the real determination of (+1)? for s=x>—1. 


If the set Jt contains only yx, the product of this formula should represent 
the constant 1. 


We recall that w(0) =0. 

It is established in [2] that, for every p=1, 6(f)C7(f). This fact is very 
elementary. 

Since then it will follow, by the Banach-Riesz theorem, that r(f)Ca(f); 


this together with 6(f)Cr(f), (see note 13) will then prove theorem 25. 
M, is independent of n. It does depend on c. 
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